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Abstract. In this paper, the stability of the machine tool is analysed based on the -_-.-- 
locus of the dynamic cutting coefficients. The approach is based on Nyquist criterion 
as applied to feedback loop of the machine tool - cutting process system. For a 
simple overall loop, the stability limit is achieved by equating the characteristic 
function of the overall transfer function to zero. Stability calculations are carried 
out considering multi-degrees of freedom in different directions in space using the 
compliance curve of the machine tool and the dynamic cutting coefficients expressed 
in the form of linear equation. Stability is analysed and discussed for the simultane- 
ous variation of critical depth of cut, chatter frequency. and phase angle. 
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of cut: chatter frequency: phase angle: transfer function. 
INTRODUCTION 
A typical stability chart for a machine tool is 
shown in Fig. 1 from which three border-lines of 
stability can be identified. For classification 
purposes, these border-lines can be called lobed, 
tangent, and asymptotic. The lobed border-line of 
stability is theoretically the exact border-line 
and may be approximated with the asymptotic border- 
line or more closely with the tangent border-line. 
The asymptotic. tangent and lobed border-lines of 
stability are progressively more difficult to cal- 
culate but, fortunately, are progressively less 
important from a practical vie* point. 
The asymptotic border-line of stability defines 
the maximum width of cut which will result in stable 
operation at all speeds and hence it is the princi- 
pal border-line. For carefully chosen spindle 
speed. the tangent and the lobed border-lines of 
stability indicate a large width of cut especially 
at low speeds. However, for a machine tool, spindle 
speed is not normally selected from the analysis 
of stability chart. Further, this analysis would 
be difficult to perform since there exists a differ- 
ent stability chart for each orientation of the 
resultant cutting force for each possible position 
of the movable elements of a machine tool. 
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Typical stability chart for a FIG. 1: 
machine tool. 
Several theories have been developed to explain the 
self-excited chatter occurring in machine tools but 
no single theory covers all the effects observed. 
These theories dealt with the computational proce- 
dures for some but not all of the stability border- 
lines. Tlusty and Polacek (1957) have succeeded in 
computing the asymptotic border-line of stability 
for a structure with n-degrees of freedom. Tobias 
and Fishwick (1958) made a solution to three border- 
lines of stability for a structure with one degree 
of freedom and have developed the concept of pene- 
tration rate to account for the region of stability 
at lower speeds. But, this solution is not an ex- 
act one as they do not know the rnmnlete behaviour --...r.--- 
of the machine! Similar approaches have been used 
for a structure with n-degrees of freedom by Gruney 
and Tobias (1961). 
Peters and Vanherck (1963) proposed the first chat- 
ter theorv covering both the theories of Tlustv 
and of Tobias. They have also computed the asymp- 
totic and lobed border-lines of stabilitv for a 
structure with n-degrees of freedom. Van- Brussel 
(1970) proposed a stability criterion based on 
the loop impedance of the n-port representation 
of the machine tool - cutting process system. He 
Put forth a graphical method for the determination 
of the limit of stability for a single degree of 
freedom system (CIRP test-rig). For this graphical 
method, Luthra (1974) derived an analytical expres- 
sion of the computation of critical depth of cut, 
approximating the complex stiffness of the test-rig 
in the modal direction by a straight line in the 
frequency range around the natural frequency 
of the test-rig. Radharamanan (1977) developed a 
programmable mathematical model for the graphical 
method proposed by Van Brussel. Based on general 
chatter theory, Radharamanan (1978) also proposed 
two other methods for the computation of critical 
depth of cut for a single degree of freedom system. 
All these methods for determining the critical 
depth of cut are based on Nyquist criterion as 
applied to the feedback loop of the machine tool - 
cutting process system. In this paper, based on 
Nyquist criterion and considering multi-degrees of 
freedom in different directions in space stability 
calculations have been made using the compliance 
curve of the machine tool and the dynamic cutting 
coefficients expressed in the form of algebraic 
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equation. 
BASIC PRINCIPLES 
Before discussing the stability of machine tool, 
it is necessary to recall certain fundamental 
aspects of machining process. The regenerative 
orthogonal cutting process is schematically illus- 
trated in Fig. 2. The cutting process is called 
regenerative when the relations between instant- 
aneous tool - workpiece relative displacements 
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FIG. 2. Regenerative orthngonal cutting process. 
and the corresponding cutting forces are influenced 
by the geometry of the previously cut free surface 
of the workpiece. In a turning process, the geo- 
metry of the free surface has been generated when 
the workpiece was cut at the previous rotation. 
The effect due to instantaneous motion of the cut- 
ting tool that 'cut waves' is defined as inner mod- 
ulation, xi and the effects of waves left on the 
surface in the preceeding cut is defined as outer 
modulation, x0 (Fig. 2). Further, the inner and 
the outer modulations are always measured perpendi- 
cular to the mean cut surface. Also, the outer 
modulation can have a phase shift, E (O" < E < 360") 
with respect to the inner modulation. 
The stability loop of the machine tool consists of 
two main blocks as shown in Fig. 3, the machine 
tool and the cutting process. In order to concen- 
trate only on the study of the cutting process a 
specially designed tool holder (test-rig), with a 
single modal direction is placed in the force loop 
of the machine tool. The compliance of the test- 
rig in the modal direction is predominant and the 
other elements can be considered infinitely stiff 
(Radharamanan, 1977; Van Brussel, 1971). This 
means that the measured absolute motion of the 
tool holder can be considered as being equal to 
the re,ative motion between the tool and the work- 
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piece in the feed direction. The test-rig compli- 
ance is (~/KR) = TR. This is considered as 
equivalent to the machine tool transfer function 
TM. 
In the transfer function of the cutting process one 
considers the following: (1) the effect due to the 
inner modulation characterised by the dynamic cut- 
ting force coefficient, Kci due to inner modulation: 
(2) the effect due to the outer modulation with 
the corresponding dynamic cutting stiffneTspcoeffi- 
cient, Kc,; (3) a time delay function u.e . where 
T = the overlapping period: P = Laplace variable: 
u = time delay coefficient. 
It has been decided to make use of the direct and 
the cross dynamic cutting stiffness components for 
the computation of stability limits. Here, the 
direct stiffness component is defined as the dynamic 
force component in the feed direction per unit 
relative displacement in the same direction. The 
cross stiffness component means the dynamic force 
component in the cutting speed direction per unit 
relative displacement in the feed direction. 
MACHINE TOOL STABILITY 
The stability of the machine tool is analysed based 
on the locus of the dynamic cutting coefficients. 
The experimental procedure for measuring the dynamic 
cutting coefficients are found in (Radharamanan, 
1977: 1978). The approach for computing the machine 
tool stability is based on Nyquist criterion as 
applied to feedback loop of the machine tool - cut- 
ting process system. For a simple overall loop, 
stability is achieved by equating the characteristic 
function of the overall transfer function to zero: 
1 - G(jw). K,(jw) = 0 (1) 
where: G(jw) = compliance of the machine tool in 
frequency, domain: 
K,(jw) = cutting process stiffness expres- 
sed in frequency domain. 
The compliance curves in the frequency domain (dir- 
ect and cross) for the machine tool/test-rig have 
been obtained by impact testing using a H.P. digital 
Fourier analyser (Radharamanan, 1977). A typical 
compliance curve of the machine tool/test-rig is 
shown in Fig. 4. From the compliance curve, reso- 
nant frequency, f, damping ratio, r, and the equiv- 
alent spring stiffness, KS for a single degree of 
freedom have been determined. Using these values, 
the approximate compliance values (direct and cross 
direct compliance 
- measured 
--- approximated 
FIG. 4. Direct compliance curve (scale 1 division 
= 0.0619 urn/N; direction = z-z; frequency 
= 100 to 250 Hz: nautral frequency, fr,d 
= 166 Hz. 
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for 1 to 250 Hz) have been computed using a suitable 
computer program. These computed values give the 
single degree of freedom approximation to the actu- 
ally measured compliance values. Both measured 
and approximated compliance values have beenFused 
for the analysis and a comparison iS made. 
Angle between outer real and outer imaginary compon- 
ents, Bh is given by: 
6h = tan-'[I(Kdo)/R(Kdo)l radians (6) 
6. Complex form of the resultant direct stiffness 
is given by: 
The dynamic cutting coefficients are expressed in 
the form of linear equation: Real part R (Kd) = Inner real R(Kdi) + Radius 
K,(s, V. f) = A0 + A1.s + A2.V + A3.f + A4.s.V (Kdo) . COS (E + 6,,) (7) 
+ A5.s.f t A6.V.f + A7.s.V.f (2) 
where: Kc = various components of cutting stiffness: 
S = feed: 
V = cutting speed; 
f = excitation frequency: 
A0 to A7 = coefficients determined from the experi- 
mental results (Radharamanan, 1977). 
Imaginary part I(Kd) = Inner imaginary I(Kdi) 
+ Radius (Kdo) . Sin (E + 6,,) (8) 
E = negative value to be used: eh = may be pos- 
itive or negative. In the similar way cross 
coefficients are determined. 
By substituting suitable coefficients various cut- 
ting stiffness components have been calculated. 
7. Product of direct compliance and resultant dir- 
ect dynamic cutting coefficient is given in the 
form: 
(a + jb) . (c + jd) 
COMPUTATIONAL PROCEDURE 
A computer program has been developed for the pre- 
diction of the machine tool stability. The com- 
putational procedure is stepwise explained below: 
;;a; co;p;;ent of the product, R(Gd) = 
. . (9) 
Imaginary component of the product, I(Gd) 
q j(b.c + a.d) (10) 
1. Cutting speed is calculated using the relation 
v = (nDN)/lOOO m/min (3) 
where D is the diameter of the workpiece in mm and 
N is the spindle speed in revolutions/minute. In 
the computer program this step is repeated for 50 
times in steps of 5 RPM and can be changed as per 
the requirements. 
Actual values have to be substituted in the equa- 
tions. Similarly, cross compliance and cross dy- 
namic cutting coefficients are multiplied and ex- 
pressed in real and imaginary form. 
8. The critical depth of cut is calculated Using: 
2. Compliance values of the machine tool/test-rig: 
direct compliance real and imaginary parts and cross 
compliance real and imaginary parts expressed in 
mm/N for frequency range 1 to 250 Hz at the incre- 
ment of 1 Hz are used. 
1 (11) 
b 
CT = [(Gd(jw).Kdi(jw) + u.Kdo(jm).e jut) 
+ Gc(jw).Kci(jw) + u.Kco(jw).ejwt)] 
3. Phase angle between inner and outer modulation 
is computed using the relation: 
where: b,, = 
Gd = 
critical depth of cut: 
direct compliance of the machine 
tool: 
(frequency) . 60 
RPM 
= integer + fraction 
G, = 
u= 
Kdi, Kdo = 
cross compliaoce of the machine tool; 
overlapping factor: 
inner and outer direct stiffness com- 
ponents respectively: 
from which : 6 = (-fraction) .2i1 radians 
(4) 
E = (-fraction) .360 degrees 
(negative values to be used in the formula since the 
angle is measured in clockwise direction). 
Kci, Kc0 = inner and outer cross stiffness com- 
ponents respectively. 
STABILITY LIMIT 
Dynamic cutting stiffness components are com- 
z;ted from the linear equation (2). This linear 
equation is used to calculate all the eight compo- 
nents of dynamic cutting stiffness namely direct 
and cross, inner real, inner imaginary, outer real, 
and outer imaginary components. 
Nyquist criterion is I-G.K - 0. The product (G.Kc) 
at stability limit is +lc -The critical depth of 
cut is given by the reciprocal of the real part (+) 
of intersection point. At this condition the imagi- 
nary component is zero. Therefore, the negative 
values are used for comparison to find the exact 
point of intersection. This can be done in three 
ways: 
5. Radius of the direct Kc circle is given by 
Kdo = [R(Kd,)l2 + cI(Kdo)12 (5) 
where: R(Kdo) = outer real part of the direct cut- 
ting stiffness: 
I(Kdo).= Outer imaginary part of the direct 
cutting stiffness. 
1. There are 250 values of negative components. 
Each value is checked whether it is zero and if 
any value is found to be zero, corresponding to 
this value (i) phase angle between inner and outer 
modulation is determined using equation (4); (ii) 
the frequency at which this occurs gives chatter 
frequency: (iii) critical depth of cut is given 
by the reciprocal of the positive real part. The 
above values are determined for each intersecting 
point and stored. 
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2. When the imaginary values are not equal to zero, 
it is checked whether they are positive. When the 
values are positive then this can be done in two 
ways: (a) the next lower imaginary value is found 
and multiplied. If the product is negative, it 
means that the intersection takes place between 
these two points: or (b) If the product is not 
negative, the next higher value is taken and multi- 
plied. If the product is negative it means that 
the intersection takes between the two points. 
Otherwise this procedure is repeated until the 
intersection point is determined. 
3. Once the changeover points are determined, it is 
checked whether the respective real parts are posi- 
tive. If the real parts are positive, then phase 
angle between inner and outer modulation, chatter 
frequency, and critical depth of cut are determined. 
For these calculations the average values corre- 
sponding to the two points are used. The critical 
depths of cut thus determined are approximate 
values. To find the exact values the following 
procedure is adopted. 
4. Having determined the changeover, the angle be- 
tween the two points on the stiffness circle is 
further divided into ten parts. Corresponding to 
each point the resultant component of direct and 
cross stiffness are determined in terms of real and 
imaginary parts. However, the compliance values 
used are the same as the original cnangeover points. 
Then the closest point of changeover is determined. 
5. Corresponding to the changeover points the fol- 
lowing values are determined: 
(a) exact phase angle between inner and outer modu- 
lation; 
(b) chatter frequency (same as in point 3): 
(c) the average of the two positive real parts is 
taken and the reciprocal of this gives the crit- 
ical depth of cut. 
6. For each of the cutting speed there are more than 
one intersecting points and thus several depths of 
cut and other values are determined and stored. 
7. Among the values the most minimum'of critical 
depth of cut is found. Corresponding to this 
point all other values are found and stored for 
plotting curves. 
Making use of the procedure explained above, and 
using suitable computer programs developed, the 
following curves are plotted for various conditions: 
(a) compliance curves of test-rig/machine tool; 
(b) critical depth of cut versus cutting speed: 
(c) phase angle, E versus cuttting speed: 
(d) chatter frequency, fch versus cutting speed. 
RESULTS AND DISCUSSIONS 
Fig. 5 shows the predicted critical depth of cut 
versus cutting speed curves obtained from the mea- 
sured and the approximated compliance values for 
the machine tool for the angular speed range 600 
to 1350 (cutting speed range 75.5 to 169.9 m/min). 
The curves representing the measured and the approx- 
imated values do have the same shape and the values 
coincide in most of the points on the curves. This 
clearly indicates the correctness of the approxim- 
ated compliance values. 
Fig. 6 shows the predicted critical depth of cut 
versus angular speed for four different RPM ranges. 
The purpose of this figure is to show the effect of 
angular speed, (RPM) over critical depth of cut, bcr 
under the same peripheral cutting speed. The peri- 
pheral cutting speed is kept constant under all the 
four conditions. Under low angular speed range the 
stability lobes are small and very frequent. Under 
medium angular speed range the lobes become large 
and get reduced in number. Under high angular 
speed range the effect over the *critical depth of 
cut is well perceived. The lobes are very broad 
and large. The reason for this phenomenon can be 
explained by considering the simultaneous varia- 
tions of b,,, fch, and E versus angular speed as 
shown in Fig. 7. When the angular speed is in- 
creased, the chatter frequency increases and sud- 
denly falls at a point where bCr is maximum in 
that lobe. At the same time the phase angle is 
falling down and shoots up at the same point. 
Thus, the angular speed and chatter frequency play 
a dominant role in the prediction of stability. 
CONCLUSIONS 
The procedure developed for the prediction of ma- 
chine tool stability based on system theory forms 
the basis for the introduction of chatter con- 
straints on a rational basis. Using the computer 
programs, the critical depth of cut, b,, chatter 
f WqUenCy, fch and the phase angle at chatter, E 
for the variations of important machining para- 
meters such as angular speed, feed and excitation 
frequency can be predicted and incorporated as a 
controlling factor on numerically controlled ma- 
chines and machines with adaptive control. 
REFERENCES 
Gruney, J. P. and S. A. Tobias (1961). A graph- 
ical method for the determination of the dy- 
namic stability of machine tools. Int. JMTDR. 
vol. 1. 148-156. 
Luthra, H. S. (1974). Influence of the dynamic and 
machining parameters on the dynamic character- 
istics of a turning process and prediction of 
chatter. Doctoral Thesis, K.U.Leuven, Belgium. 
Peters, J. andx3%Er(l963). Ein Kriterium 
fur die dynamische stabilitat von werkzeug- 
machinen. Industrie Anzeiger II, 19, 23-24. 
Radharamanan, R. (1977). The measurement of the 
dynamic cutting coefficients and the analysis 
of chatter behaviour in turning. Doctoral 
Thesis, K.U. Leuven, Belgium. ___ 
Radharamanan, R. (1978). A new load cell dyna- 
mometer for measuring the dynamic cutting co- 
efficients. Proc. 19th IMTDR Conference, Man- 
chester, 493-!%O. ’ 
Radharamanan, R. (1978). Various approaches for 
the analysis of chatter behaviour in turning. 
Tecnologia, UFSM, Santa Maria, Vol. 4,a, 
144-167. 
Tobias, S. A. and W. Fishwick, (1958). The chatter 
on lathe tools under orthogonal cutting con- 
ditions. Trans. ASME, 1079-1088. 
Tlusty, J. andM.Polacek, (1957). Beispiele der 
behandlung der selbsterregten schwingung der 
werkzeugmachinen. 3 Fokoma, Vogel-Verlag Wuerz- 
burg. 
Van Brussel, H. (1970). N-port theory as applied 
to mechanical structures. Second CIRP Seminar 
on Manufacturing Systems, Trondhein. Norway. 
Van Brussel, H. (1971)ynamische analyse van 
het verspanings prdces. Doctoral Thesis, K. U. 
Leuven, Belgium. 
MACEIAE TOOL STABILITY 467 
24 b 
I 
in mn 
CP 
16. - 
based on the measured compliance of the test-rig/ 
machine tool (multi-degrees OF ::reedom) 
___ based cn single degree of freedom approximation 
8 . 
unstable 
stable 
0-G 4 
RPM 600 750 900 1050 1200 
V m/min 75.5 94.4 113.3 132.2 151.1 
FIti. 5. Cgmiuted critical depth of cut versus Cuttin __--.____+E&_ 
--;~~~~rectand:-stlffness: matena 
CK 53 N$%$d+$i-!&~_!!~~ 
-. --_____.___1~_._.______.._ ? 
24 
t 
b,, in mn based on single degree of freedom approximation 
- 0=40.000 mm = 600 to 1350 RPM 
__ =24.WO IIN =lOOO Co 2250 RPM 
-.- =17.142 mn =1400 to 3150 RPFI 
-x- =i3.333 nm =1800 to 4050 RPti 
1 f.
01 * 
V mjmin 75.5 94.4 113.3 132.2 151.1 :b9.9 
RPM 600 750 900 iO50 1200 13:o 
1000 1250 1500 1750 2000 2250 
1400 1750 2100 2450 2800 r 3150 
1800 2250 2700 3150 3600 4050 
FIG. 6. Computed crltlcal d*l? Of cut versus amar speed. Legend: cutting 5tiffn-as -.__-_ -----.----- ___...~_ -- 
- both direct and cross cuttingtlffness: material - CK 53 N: feed - 0.16 nun/revolution. --.-- -_-- --- 
RPM 1400 1750 2100 2450 2800 3150 
V m/min 75.5 94.4 113.3 132.2 151.1 169.9 
FIG. 7. Critical depth of cut/chatter frequency/phase atI- w=rsu~ speed. ._,_._ ___-___..__ Leoend: Com- -T-Y pliance - based on single--d~~~~~f-~r~dom ~roxlrnatlon:cutti2e?~-~~f~s~~~~~~--- Hirsch a~d_c.~~~s_cut~~_'---- __ __:_ 
-_- g stiffness: material - &~~-~feed-~b‘16-~~~~~l~i.- ---___z______~- 
